Abstract. We study sheaves of differential forms and their cohomology in the h-topology. This allows to extend standard results from the case of smooth varieties to the general case. As a first application we explain the case of singularities arising in the Minimal Model Program. As a second application we consider de Rham cohomology.
The aim of this note is to propose a new extension of the theory of differential forms to the case of singular varieties in characteristic zero and to illustrate that it has very good properties; unifying a number of ad hoc approaches and allowing a more conceptual understanding of results in the literature.
Differential forms play a key role in the study of local and global properties of manifolds and non-singular algebraic varieties. This principle is confirmed for example by the period isomorphism between algebraic de Rham cohomology and singular cohomology, or the classification of singularities arising from the Minimal Model Program in terms of extension properties of differential forms of top degree.
It is well-known that the theory of Kähler differentials is not well-behaved in the singular case. Various competing generalizations were introduced. In any case the definition can be traced back to the non-singular case:
• Kähler differential forms Ω • Differential forms of first kind on an irreducible variety X are differential forms on a log resolution Y → X (see [SvS85] (1.2)).
• Reflexive differential forms Ω
[p]
X on a normal variety X are differential forms on the regular locus X reg (see [Kni73] , [LW09] , [GKKP11] ) • Using simplicial hyperresolutions Du Bois [DuB81] defines complexes of coherent sheaves and in this way "localizes Hodge theory".
The purpose of this paper is to introduce a new competitor to this field: h-differential forms Ω p h . We give three characterizations of very different flavor: (1) They are the outcome of the sheafification of Kähler differential forms with respect to the h-topology on the category of schemes introduced by Voevodsky in [Voe96] (see Definition 3.1). (2) They have a simple characterization in birational geometry: Given a variety X we choose arbitrary resolutions X ′ → X and φ : X ′′ → X ′ × X X ′ . Then the set of h-differential forms on X is bijective to the set of Kähler differential forms on the resolution X ′ such that the two pullbacks to X ′′ coincide. In other words (see Remark 3.8)
,
To give an h-differential form on a variety X is equivalent to give, in a compatible way, for any morphism Y → X from a non-singular variety to X a Kähler differential form on Y . More precisely:
Theorem 1 (Section 3). Let k be a field of characteristic zero and X a separated scheme of finite type over k.
Then
where f : Y → X runs over all morphisms from a non-singular variety Y to X.
Let us give three reasons why one should consider the h-topology. First, any scheme is h-locally smooth by Hironaka's theorem, an obvious technical advantage.
Second, Kähler differential forms on non-singular schemes turn out to satisfy h-descent (see Theorem 3.6). A variant of this result was first shown by Lee in [Lee09] . An analogous statement has already been observed in the case of the coarser eh-topology by Geisser in [Gei06] and in the even coarser cdh-topology by Cortiñas, Haesemeyer, Walker and Weibel in [CHWaWei11] .
Third, in contrast to the cdh or eh-topology, all proper surjective morphisms and all flat covers are h-covers. Recall that proper covers in the context of de Rham cohomology were introduced long ago by Deligne in [Del74] in order to extend the period isomorphism to the singular case. We would like to emphasize the flexibility gained by using arbitrary h-covers. In many cases, technical difficulties are hidden in the machinery.
These technical advantages allow us to prove invariance of h-differentials for maps with rationally chain connected fibers (Theorem 5.11). Together with the extension theorem of Greb, Kebekus, Kovács and Peternell in [GKKP11] , this implies the following result for varieties whose singularities arise in the Minimal Model Program. The definition of klt base spaces is given in 5.1. X (X).
The special case of normal toric varieties has already been proved in [CHWaWei09] Theorem 4.1, see Remark 5.4 for more details. By Theorem 2 we obtain a more conceptual explanation of the main result in [Keb12] (see Corollary 5.5). On the other hand, [Keb12] and Theorem 1 together imply Theorem 2.
Let us now turn to the study of cohomology of h-differentials. The natural notion is cohomology of h-sheaves. This does not change anything in the smooth case:
Theorem 3 (Section 6). On a smooth variety:
The main computational tool, the blow-up sequence, allows easily to compute cohomology of singular varieties from the smooth case.
Subsequently we will analyze in more detail the relation between the h-topology on the category of schemes over a scheme X and the Zariski topology on X. This is useful in two ways:
First, as already realized by Lee ([Lee09] ), the new point of view allows to gain a new perspective on the Du Bois complex of a variety, which turns out to be the derived push-forward of the h-differential forms considered as a complex of sheaves in the h-topology (Theorem 7.12). In particular, we avoid any use of simplicial or cubic hyperresolutions in the construction of the Du Bois-complex (compare [DuB81] , [GNPP88] ). To illustrate the use of our language we deduce subsequently a number of well-known properties of the Du Bois complex. Note that analogous results in terms of the cdh-topology were also shown by Cortiñas, Haesemeyer, Schlichting, Walker and Weibel as a byproduct of their work on homotopy invariance of algebraic K-theory, see their series of papers [CHSWei08] , [CHWei08] , [CHWaWei09] , [CHWaWei10] , [CHWaWei11] , [CHWaWWe13] .
This leads to the last application. Hypercohomology of the complex of h-sheaves Ω p h gives a simple definition of algebraic de Rham cohomology. It agrees with the other definitions in the literature. The degeneration of the Hodge to de Rham spectral sequence yields a surjective map
) when X is a proper variety over C (Corollary 7.8). As in the smooth case we expect that this can be used as a starting point for the proof of vanishing theorems.
We use the machinery of h-differential forms to construct the relative de Rham cohomology associated with a closed subscheme Z ⊂ X. As an application of our techniques we establish basic features such as long exact sequences associated with triples, excision and the Künneth formula (Subsection 7.3). Again these results were known before, but we feel that the use of h-differentials makes the arguments a lot more transparent.
Beilinson in his approach to p-adic Hodge theory (see [B12] ) uses a more subtle version. His A dR is a projective system of complexes of h-sheaves which is built on Illusie's complexe cotangent instead of the cotangent space. His theory takes into account log poles and allows integral structures.
Using the h-topology in the context of de Rham cohomology is quite natural: the de Rham complex is a homotopy invariant complex of sheaves of Q-vector spaces with transfers. From the general motivic machinery we learn that its cohomology can be equivalently treated in the h-topology without transfers. One point we want to demonstrate in our paper is that the h-sheafification of the individual Ω p is also very useful.
The present paper concentrates on differential forms rather than developing a full-blown six functor formalism for O-modules in the h-topology. We have refrained from dealing with differential forms with log poles or with twists by line bundles. What is also missing is a discussion of Grothendieck duality where differential forms also play a key role. We work in characteristic zero throughout and hope that a modified definition would also work in positive characteristic. We hope that these aspects will be developed in the future.
Outline of the paper. The paper consists of two parts. Section 2 through 5 discuss sheaves of differential forms in various topologies. Sections 6 and 7 deal with cohomology groups and objects in the derived category.
The goal of sections 2 and 3 is to establish h-descent for differential forms. Section 2 recalls the results of Geisser [Gei06] in his eh-topology and establishes additional properties of differentials forms in the eh-topology. Section 3 reviews Voevodsky's h-topology and deduces Theorem 1 mentioned above.
In Section 4, we make the definition of Ω p h (X) explicit in a number of cases: for p = 0, p = dim X or when X has special types of singularities.
Section 5 treats the case of klt-singularities. Theorem 2 is deduced from the key result on the invariance of h-differentials for maps with rationally chain connected fibers.
We then turn in Section 6 to cohomology of sheaves in the h-topology in general and to cohomology of h-differential forms.
Finally, in Section 7, we consider the de Rham complex of h-differential forms. We recover the Du Bois complex in terms of h-differential forms. The section concludes with a simple description of relative algebraic de Rham cohomology in terms of h-differential forms.
Setting and Notation
We fix a field k of characteristic zero. By scheme we mean a separated scheme of finite type over k. By variety we mean a reduced separated scheme of finite type over k. We denote by Sch, Var and Sm the categories of k-schemes, k-varieties and smooth k-varieties, respectively. We often omit the field k in the notation.
A resolution of an irreducible variety X is a proper birational morphism X ′ → X from a smooth variety X ′ to X. A resolution of a variety X is a morphism X ′ → X where X ′ is the disjoint union of resolutions of the irreducible components of X. It t is a Grothendieck topology, we denote by Sch t , Var t , Sm t the site defined by t and by (Sch t ) ∼ , (Var t ) ∼ and (Sm t ) ∼ the topos of sheaves of sets on Sch t , Var t and Sm t , respectively. We are going to consider the cases Zar (Zariski topology), et (étale topology), eh (étale h-topology, see Definition 2.1) and h (h-topology, see Definition 3.1).
If F is a t-sheaf of abelian groups in some Grothendieck topology on Sch and X ∈ Sch, then we write H i t (X, F ) for the i-th derived functor of Γ(X, ·) : evaluated on F . Definition 1.1. Let X ∈ Sch, and t some Grothendieck topology on Sch. We write Z t (X) for the t-sheafification of the presheaf
where Z[S] denotes the free abelian group generated by S.
Recall that H
for all t-sheaves F . For a k-scheme X let Ω 1 X be the Zariski-sheaf of k-linear Kähler differentials on X. For p ≥ 0, let Ω p X be the p-th exterior power of Ω 1 X in the category of O X -modules. We denote Ω p the sheaf
turns it into a differential graded algebra Ω • . If t is another topology on Sch, we denote by Ω
• t the sheafification in the t-topology. We are also going to consider Zariski-differentials, studied e.g. in [Kni73] and [GKKP11] . We follow the notation of the second reference. Definition 1.2. Let X be a normal variety, j : X reg → X be the inclusion of the regular locus. We call Ω
[p]
the sheaf of Zariski differentials on X or sheaf of reflexive differentials.
Differential forms in the eh-topology
We review the eh-topology introduced by Geisser in [Gei06] . It is a twin of the cdh-topology introduced by Voevodsky in [Voe96] . The relation of the eh-topology to theétale topology is the same as the relation of the Nisnevich topology to the cdh-topology. For our purposes it makes no difference which to use. We consider differential forms in the eh-topology.
Definition 2.1 ([Gei06] Definition 2.1). The eh-topology on the category Sch of separated schemes of finite type over k is the Grothendieck topology generated by the following coverings:
•étale coverings • abstract blow-ups: assume that we have a Cartesian square
Example 2.2. Let f : X red ⊂ X be the reduction. Then f is an eh-cover (with Z = ∅). Hence every scheme is eh-locally reduced. (1) Every proper morphism X ′ → X such that for every x ∈ X there is a point in p −1 (x) with the same residue field as x is an eh-covering.
(2) Every abstract blow-up (X ′ → X, Z → X) has a refinement (X → X, Z → X) such that every irreducible component ofX has dimension not larger than the dimension of X.
The second assertion will allow to argue by induction on the dimension when checking properties of eh-sheaves. . Let X ∈ Sch. Every eh-cover of X has a refinement of the form
where X ′ → X is a proper eh-cover and {U i → X ′ } is anétale cover. If in addition X is smooth, X ′ → X can be chosen to be a sequence of blow-ups along smooth centers.
Construction 2.6. By resolution of singularities, every X ∈ Sch has a proper eh-cover {X i → X} i∈I by smooth varietiesX i . We spell out the algorithm.
(1) X ∈ Sch has a proper eh-cover X by X red .
 is an abstract blow-up and hence a proper eh-cover. (3) Let X be an irreducible variety. By resolution of singularities there is a birational proper map π :X → X withX smooth. Let Z ⊂ X be the image in X of the exceptional locus of π. Then {X, Z} is an abstract blow-up and hence a proper eh-cover. (4) Let Z be as in the last step. By induction on the dimension, there is a proper eh-cover of Z by smooth varieties.
Definition 2.7. For p ≥ 0, let Ω p eh be the eh-sheafification of the presheaf
on the category Sch. We call the elements of Ω p eh (X) eh-differentials on X. In order to compute Ω p eh in special cases, we need the following fact about differential forms on a smooth variety blown-up in a smooth center.
Lemma 2.8. Let X be a smooth variety, Z ⊂ X a smooth subvariety, X Z the blow-up of X in Z with exceptional fiber E. Then:
Proof. This is [Gro85] Chapitre IV Théorème 1.2.1.
Proposition 2.9 ([Gei06] Thm. 4.7). Let X be a smooth variety. Then
Proof. This assertion is a special case of [Gei06] Theorem 4.7. However, we give a simplified direct proof for this case. The sheafification of Ω p is obtained by applying twice the procedure
where U runs through the system of eh-covers of X. Since by Proposition 2.5 any eh-cover of a smooth variety can be refined to an eh-cover by smooth varieties, it suffices to show that
for any smooth variety X. Again Proposition 2.5 reduces the proof to showing that
where U = {U i → X ′ → X} i is the composition of anétale cover and a sequence of blow-ups in smooth centers. Since Ω p has descent forétale covers by [Mil80] III Prop. 3.7, we may even assume that U = {X Z → X} where X Z is the blow-up of X in a smooth subvariety Z ⊂ X. Lemma 2.8 states that Ω p (X) = Ω p (X Z ) which immediately implies the exactness of
and thus finishes the proof.
As any k-scheme has an eh-cover by a smooth scheme, this already allows to compute Ω p eh (X) for all X. We record some consequences for later use. Proposition 2.10 (Blow-up square). Let (X ′ , Z) be an abstract blow-up of X with E = X ′ × X Z. Then the blow-up square
Corollary 2.11. Let Ω p cdh be the sheafification of Ω p with respect to the cdh-topology (generated by abstract blow-ups and Nisnevich covers). Then for any X ∈ Sch,
Proof. Note that the cdh-topology is coarser than the eh-topology. For smooth X, the assertion is a special case of Geisser's descent result Proposition 2.9. A direct proof is given in [CHWaWei11] Lemma 2.9. By resolution of singularities, the general case is reduced to the smooth case by induction on the dimension arguing via the blow-up square. Note that the blow-up square is also Cartesian in the cdh-topology by [SV00] Lemma 12.1.
Corollary 2.12. Let X ∈ Sch with reduction X red . Then
Proof. This is the blow-up square with X ′ = ∅ and Z = X red .
Lemma 2.13. Let π : X ′ → X be proper and surjective. Then
is injective
Proof. Using Corollary 2.12 we may assume that both X and X ′ are reduced. We argue by induction on the dimension of X, the case dim X = 0 being obvious. For the inductive step, let dim(X) > 0.
We first consider the special case when π induces an isomorphism
. In general, we first perform a base change under a proper surjective morphism X 1 → X satisfying the assumptions of the special case so that we may assume that X is smooth. We may replace π by the composition with a resolution of X ′ and thus assume that X ′ is smooth. Proposition 2.9 reduces the proof to showing that
under the additional assumption that both X ′ and X are smooth. In this case the restriction maps
Hence the assertion becomes a statement about k-linear differentials on the field extension k(X ′ )/k(X). We are working in characteristic zero, hence all field extensions are separable. This implies the statement for p = 1. Higher differentials are exterior powers hence the statement also follows for general p.
Lemma 2.14. Let U → X be an inclusion of an dense open subscheme of a scheme
The statement is true in the smooth case because Ω p X is a vector bundle in this case. We reduce to this case.
By Corollary 2.12 we may assume that X is reduced. It suffices to show the assertion after shrinking U further. Hence we may assume that U is smooth. Choose a resolution π : X ′ → X such that π is an isomorphism above U . Then Lemma 2.13 and Proposition 2.9 together imply
Proof. By Lemma 2.14 we may replace X and Y by dense open subsets. Hence without loss of generality, they are both affine. Letf :X → Y be a relative compactification, i.e,f is proper and X dense inX. Asf is dominant and proper, it is surjective. In this case, the assertion follows from Lemma 2.13.
Recall the notion of reflexive differential forms on normal varieties from Definition 1.2.
Corollary 2.16. Let X be a normal variety. Then
Proof. This is Lemma 2.14 with U = X reg .
Remark 2.17. The inclusion is not an isomorphism in general, see Example 5.6 for a more complete discussion.
Lemma 2.18. Let X be normal and irreducible, K/K(X) a Galois extension with Galois group G and Y the normalization of X in K.
and Ω p eh has descent for π : Y → X, i.e, the sequence
is exact.
Proof. If X is smooth and Y → X isétale, then Y is also smooth and the Lemma holds because Ω p hasétale descent. In the general case, let U ⊂ X be a smooth open subscheme over which π isétale. We get a commutative diagram
The top line is exact by the special case. The kernel Ω p eh (X) of the lower line is given by
Differential forms in the h-topology
We first review the definition of the h-topology and its properties from [Voe96] . We then study the case of the sheaf of differential forms.
Definition 3.1 ([Voe96] Definitions 3.1.1 and 3.1.2). A morphism p :X → X in Sch is called topological epimorphism if X has the quotient topology from the topology onX. It is called universal topological epimorphism if its base change by any f : Z → X in Sch is also a topological epimorphism.
The h-topology on Sch is the Grothendieck topology which has as covering systems {p i : (1) flat covers; (2) proper surjective morphisms; (3) quotients by the operation of a finite group.
In particular, eh-covers are h-covers. Proposition 3.3 ([Voe96] Theorem 3.1.9). Let {p i : U i → X} i∈I be an h-covering in Sch with X reduced. Then there exists a refinement in normal form, i.e., such that the index set I ′ is finite and p ′ i factors as
is an open covering in the Zariski topology, f is finite surjective and π is the blow-up of X in a closed subscheme Z.
Corollary 3.4. Let U = {p i : U i → X} i∈I be an h-covering in Sch. Then there exists a refinement such that the index set I ′ is finite and p ′ i factors as
is an open covering in the Zariski topology, f is finite surjective and π is a proper eh-covering by a smooth variety.
Proof. Choose a proper eh-cover Y → X with Y smooth. We then apply Proposition 3.3 to the pull-back of U to Y . This yields a refinement {U 
for all X ∈ Sm.
Proof. The second assertion follows from the first by Proposition 2.9. We need to check that for all X in Sch, the morphism
where U runs through all h-covers of X is an isomorphism. Let X be in Sch and U an h-cover of X. It suffices to verify the sheaf condition for Ω p eh on a refinement of U. We claim that the sheaf condition is satisfied in three special cases:
(1) when U is a Zariski cover; (2) when U = {X ′ → X} is a proper eh-cover; (3) when U = {X ′ → X} is a finite and surjective map of irreducible normal varieties such that k(X ′ )/k(X) is Galois.
The first two cases hold because they are eh-covers. In the third case, the sheaf condition holds by Lemma 2.18. Now let U be a general h-covering. After refining it, we may assume by Corollary 3.4 that it is of the form {U i →Ū → X ′ → X} i∈I with X ′ → X a proper eh-cover with X ′ smooth,Ū → X finite and surjective and {U i } i∈I an open cover ofŪ . For every connected component X ′ j of X ′ choose an irreducible component U j ofŪ mapping surjectively to X ′ j . We refine the cover by replacingŪ by the disjoint union of the normalizations ofŪ j in the normal hull of
The sheaf condition is satisfied in the three intermediate steps. In particular, we have injections
Note that this is true for all X and U, hence in particular
A little diagram chase then allows to conclude from the sheaf conditions for X ′ → X andŪ → X ′ that the sheaf condition is satisfied forŪ → X. Repeating the argument with {U i →Ū } i∈I we prove the Theorem.
Remark 3.7. One of the main results of Lee in [Lee09] is the fact that Ω p is a sheaf on Sm equipped with the h-topology (loc. cit. Proposition 4.2). This seems basically the same as the above Theorem 3.6, though we did not check the details. His proof is different and made technically more complicated by the fact that Sm is not closed under fibre products.
Remark 3.8. Note that the proof contains a simple formula for Ω
Corollary 3.9. Theorem 1 of the introduction holds.
Proof. We call a family (α f ) f as in Theorem 1 a compatible family. By Theorem 3.6, any β ∈ Ω p h (X) determines a compatible family
red be a resolution and denote the map to X by j : Y ′ → X. Then the claim follows from
and the injectivity of (pr
The Theorem gives a more conceptual proof for the result of Lecomte and Wach on the existence of transfers. 
First Properties and Examples
In this section we gather some facts about h-differential forms when considered as sheaves in the Zariski-topology. To this end, let us introduce the following notation. 
Let us choose X ′ and X ′′ as in Remark 3.8 and denote the maps to X by π ′ : X ′ → X and π ′′ : X ′′ → X. We may assume that both X ′ and X ′′ are proper over X. Then Ω We now turn to the study of the two extreme cases p = 0 and p = dim(X). First, let us consider the case p = 0 and observe Tra70] ). Let X be a variety with total ring of fractions K(X). The semi-normalization X sn of X is the maximal finite cover π : X sn → X which is bijective on points and induces an isomorphism on residue fields. If X is not reduced, we define X sn as the semi-normalization of the reduction of X. A variety is called semi-normal if it agrees with its semi-normalization. Proposition 4.5. Let X ∈ Sch. Then
Proof. We writeX for the presheaf T → X(T ) so that O =Ã 1 . As in [Voe96] Section 3.2, we write L(X) for the h-sheaf associated toX which means that O h = L(A 1 ). By the universal property of sheafification
where L(Sch) is the category of representable h-sheaves. Moreover, [Voe96] Proposition 3.2.10 asserts that
where RL(X) = X sn is the semi-normalization of X.
We now turn to the other extreme case p = dim X.
Proposition 4.6. Let X be a variety of dimension d and π :X → X a resolution, i.e., a proper birational morphism withX smooth.
Proof. Let E ⊂X be the reduced exceptional locus of π, and let i : Z := π(E) → X be the inclusion map of its image in X. The blow-up sequence Now assume that X has rational singularities. Let π :X → X be a resolution. Let ω X be the dualizing complex of X normalized such that π
. By the definition of rational singularities
is a quasi-isomorphism. By Grothendieck duality, this implies that
(Note that the dualizing sheaf ω o is the first non-vanishing cohomology sheaf H −d ω X of the dualizing complex.)
Remark 4.8. The above proof does not use the fact that a variety with rational singularities is Cohen-Macaulay. Hence it avoids the use of Kodaira vanishing.
We now turn to varieties with special types of singularities. We say that a scheme X has normal crossings if X is Zariski-locally isomorphic to a normal crossings divisor in a smooth variety or equivalently, if X isétale locally isomorphic to a union of coordinate hyperplanes in the affine space. Observe that this implies that the irreducible components of someétale cover are smooth.
Proposition 4.9 (Normal crossing schemes). Let X be a scheme with normal crossings.
There is a natural inclusion Ω p X /torsion ⊂ Ω p h | X by Proposition 4.2(4). We may workétale locally in order to show that it is an isomorphism. Hence we can assume that X is a union of coordinate hyperplanes in the affine space.
We prove the claim by induction on the number c(X) of irreducible components of X, the case c(X) ≤ 1 following from Proposition 4.2 (2). For c(X) > 1 choose some irreducible component E ⊂ X and let X ′ = X\E. The blow-up sequence associated with (X ′ → X, E → X) fits into a commutative diagram
4.2(4)
O O of sheaves on X, where the horizontal maps in the second row are given by the pullback of torsion-free differential forms constructed in [Fer70] Proposition 1.1. By a diagram chase one reduces the proof to showing that the second row is exact. This can be checked by a calculation using local equations for X in a smooth ambient space.
Proposition 4.10 (Quotient singularities). Let X be a smooth quasi-projective variety with an operation of a finite group G.
Proof. Recall that X/G is normal since X is so and locally X/G = Spec(A G ) where X = Spec(A). Moreover X → X/G is a ramified cover with Galois group G. The first assertion is immediate from Lemma 2.18. The second was established by Knighten for p = 1 in [Kni73] and for general p by Lecomte and Wach in [LW09] .
The case of klt singularities will be treated in Section 5, see Theorem 5.3.
Application: Reflexive forms on klt base spaces
In this section we examine the sheaf of h-differential forms on a complex variety whose singularities are mild in the sense of the Minimal Model Program. More precisely, we are concerned with the following class of singular varieties:
Definition 5.1. An irreducible variety X over the complex numbers is said to be a klt base space, if there exists an effective Q-divisor ∆ ≥ 0 such that the pair (X, ∆) has Kawamata log terminal singularities (see [KM98] Definition 2.34).
Example 5.2. A normal toric variety X is locally a klt base space. Indeed, a normal projective toric variety is a klt base space by [CLS11] Example 11.4.26.
Recall that a klt base space X is normal by definition so that Ω
X by Proposition 4.2 (5). The following theorem establishes the inverse inclusion and will be proved at the end of the section.
Theorem 5.3. Let X be a klt base space and p ≥ 0. Then
X . Remark 5.4. Theorem 5.3 applies in particular to normal toric varieties by Example 5.2. In view of Corollary 2.11 this has already been proved in [CHWaWei09] Theorem 4.1.
In order to deduce Theorem 5.3 from results on reflexive differential forms obtained by Greb, Kebekus, Kovács and Peternell we need a result on the pullback of h-differential forms under morphisms with rationally chain connected fibers proved in the next subsection, which may be of independent interest.
As an application we find a more conceptual proof of a recent result of Kebekus.
Corollary 5.5 ([Keb12]). Ω
[p] is a presheaf on the category of klt base spaces, i.e., for any morphism f : X → Y between two klt base spaces there is a natural pullback map
The assumption on the type of singularities of X in Theorem 5.3 seems to be optimal, since even for log canonical singularities the theorem fails.
Example 5.6 ([Keb12] Section 1.2). Let E ⊂ P 2 C be an elliptic curve and let X ⊂ A 3 be the affine cone over E, with vertex p ∈ X and projection map π : X {p} → E. We claim that the inclusion
Let φ :X → X denote the blow-up of the vertex with exceptional set Exc(φ) ∼ = E. It is an A 1 -bundle over E with α ′ the pull-back of α. We find a contradiction by calculating
5.1. Rationally chain connected fibrations. In this section, k is an arbitrary field of characteristic 0.
Definition 5.7. Suppose that k be algebraically closed. We say that a k-scheme X is rationally chain connected, if there exists a family g : U → B of proper curves together with a morphism U → X such that
(1) the fiber U b over any k-valued point b of B is connected and has only rational irreducible components; and (2) the morphism U × B U → X × X is dominant.
Lemma 5.8 ([Kol96] Corollary IV.3.5.1). Suppose that k is algebraically closed. Let X be a proper and rationally chain connected scheme. Then for arbitrary closed points x 1 , x 2 ∈ X there exists a proper connected curve C with rational irreducible components together with a morphism C → X whose image contains x 1 and x 2 .
Lemma 5.9. Suppose that k be algebraically closed. Let C be a one-dimensional connected scheme all of whose irreducible components are rational curves, and let X be an arbitrary scheme. Then the pullback by the first projection p X :
Proof. It suffices to check the assertion locally in the h-topology. In particular we may assume that X is smooth. In the case C = P 1 the assertion is an immediate consequence of Theorem 3.6 and the formula
, since the right hand summand has no non-zero global section.
In the general case, we may assume that C is reduced. Let C ν be the normalization of C and let C sing be the singular locus with its reduced scheme structure. Then (C ν → C, C sing → C) is an abstract blow-up. We denote by E = C ν × C C sing the inverse image of C sing in C ν . The case C = P 1 already treated above shows that the Cartesian blow-up square given by Proposition 2.10 is
and the assertion follows using the connectedness of C.
Lemma 5.10. Suppose that k is uncountable and algebraically closed. Let f : X → Y be a projective morphism between k-schemes such that (1) the fiber X y over any closed point y ∈ Y is a rationally chain connected k-scheme; and (2) there exists a section s : Y → X, i.e., f • s = id Y . Then there exists a one-dimensional proper connected scheme C with rational irreducible components and a scheme H together with a dominant morphism
over Y such that for some closed point c ∈ C the map ψ satisfies ψ(b, y, c) = s(y) for all closed points b ∈ B, y ∈ Y .
Proof. First we introduce notation: For integers r ≥ 0, 1 ≤ i ≤ r, let l i ⊂ P r be the line defined by the equations x j = 0 for 0 ≤ j ≤ r and j = i, i − 1. We denote by C r ⊂ P r the union of all l i , 1 ≤ i ≤ r with its reduced scheme structure. Finally, let c r := [1 : 0 : · · · : 0] ∈ C r . By Lemma 5.8 any two closed points of X lying in the same fiber f −1 (y) over some closed point y ∈ Y can be connected by a proper curve C ⊂ X with rational irreducible components, and we may even assume C = C r for some r ≥ 0.
Let Theorem 5.11. Let f : X → Y be a surjective projective morphism between k-schemes such that the fiber over any k-valued point of Y is a rationally chain connected k-scheme. Then the pullback map
Proof. By base change we may assume that the field k is algebraically closed and uncountable.
Let us first reduce the proof to the case when f : X → Y admits a section s : Y → X. To this end, we perform a base change by f :
whose rows are exact and whose vertical maps are injective by Lemma 2.13. In particular the theorem holds for f : X → Y if it holds for the first projection pr 1 : X × Y X → X, which admits a section.
From now on we assume that f : X → Y admits a section s : Y → X. Let ψ : H × Y × C → X and v ∈ V as in Lemma 5.10. In particular we have a commutative diagram
Recall that by Corollary 2.15 the pullback ψ * under the dominant map ψ is injective. Moreover incl * is bijective by Lemma 5.9. We deduce that the pullback s * under the section s is injective. By
this proves the assertion. 
Cohomology of differential forms
We now study cohomology of sheaves of differential forms in the h-topology. We will first assemble some technical tools on the cohomology of h-sheaves and then apply them to the case of differential forms.
Cohomology of h-sheaves.
Proposition 6.1. Let F be a sheaf of Q-vector spaces on Sch h , X ∈ Sch and
Let η : Sch h → Sch eh be the morphism of sites. We need to show R p η * F = 0 for p ≥ 1.
There exists a short exact sequence 0 → F → I → G → 0 of h-sheaves of Qvector spaces where I is an injective object in the category of h-sheaves of Q-vector spaces. It is automatically injective as sheaf of abelian groups. Since 
where U runs through the system of t-covers of X. We apply this to t equal to h, eh, et (étale topology) and qfh (quasi-finite h; covers are h-covers which are quasi-finite). We introduce the notation t(X) for the system of t-covers of X. By Corollary 3.4, any h-cover U can be refined by a composition of a qfh-cover followed by an eh-cover X ′ → X with X ′ smooth. Hence
with X ′ smooth. By [Voe96] Theorem 3.4.1 we have
because X ′ is smooth and F a sheaf of Q-vector spaces. This implies
becauseétale covers are eh-covers.
Proposition 6.2 (Blow-up sequence). Let (X ′ , Z) be an abstract blow-up of X with E = X ′ × X Z. Let F be an h-sheaf. Then the blow-up sequence
Proof. The argument is given by Geisser in [Gei06] Proposition 3.2 for the ehtopology and can be applied to the h-topology without changes. Proposition 6.3. Let X ∈ Sch with semi-normalization X sn (see Definition 4.3) and let F be an h-sheaf of abelian groups. Then
Proof. We take up the notation of the proof of Proposition 4.5, i.e, letX be the presheaf T → X(T ) and L(X) its h-sheafification. By [Voe96] Theorem 3.2.9, the semi-normalization induces an isomorphism of sheaves of sets
This implies an isomorphism of h-sheaves of abelian groups
Hence
6.2.
Cohomology of h-differential forms.
Corollary 6.4. Let X ∈ Sch and X sn be the semi-normalization (see Definition
Proof. This is a special case of Proposition 6.3.
Corollary 6.5 (Smooth varieties
Proof. This follows from Proposition 6.1 and [Gei06] Theorem 4.7.
Remark 6.6. This was first proved with a different argument in a version for Sm equipped with the h-topology by Lee, see [Lee09] Prop. 4.2.
Corollary 6.7 (Cohomological dimension). Let X ∈ Sch. Then
We argue by induction on the dimension of X, the case dim(X) < 0 being trivial. By Corollary 6.4 we may assume that X is reduced so that there exists an abstract blow-up (X ′ , Z) such that X ′ is smooth and dim(Z) < dim(X) > dim(Z × X X ′ ). Using the blow-up sequence 6.2 the claim for X follows from that for the smooth scheme X ′ done by Corollary 6.5 and the inductive hypothesis applied to Z and X ′ × X Z.
Corollary 6.8 (Vanishing). Let X be a variety of dimension d. Then
Proof. The argument is the same as for the cohomological dimension.
Corollary 6.9 (Finiteness). Let X be proper. Then 
is an isomorphism for all h-sheaves F .
Proposition 6.10. Let X ∈ Sch and X • → X an h-hypercover such that all X n are smooth. Then
There is a natural spectral sequence
Proof. This follows from Corollary 6.5 and the general descent formalism as explained e.g. in [Del74] Section 5.3.
The blow-up sequence easily allows the computation of cohomology with coefficients in the canonical sheaf.
Example 6.11. Let X be a variety of dimension d. Let X 1 , . . . , X n be the irreducible components of X which have dimension d. LetX i → X i be a resolution. Then
Proof. Let X n+1 , . . . , X N be the irreducible components of X whose dimension is strictly less than d. Let
Then there is an abstract blow-up (π : X ′ → X, Z) with Z the locus where irreducible components intersect. Both Z and its preimage in X ′ have dimension strictly smaller than d. By Corollary 6.8 its cohomology with coefficients in Ω d h vanishes. By the blow-up sequence this implies
The components of dimension smaller than d do not contribute by the same argument. Finally, let Z i ⊂ X i be the locus whereX i → X i is not an isomorphism. We use the blow-up sequence for (X i → X i , Z i ) to conclude.
6.3. The derived push-forward. After studying the h-cohomology of h-differential forms in the preceding subsection we systematically compare h-cohomology with Zariski cohomology. From now on, we work systematically in the derived category of abelian Zariski-sheaves.
Definition 6.12. Let ρ : Sch h → Sch Zar be the canonical morphism of sites. For X ∈ Sch we denote ρ X : Sch h → X Zar the inclusion of X with the Zariski topology. By abuse of notation, we also denote
the induced morphism of topoi.
Remark 6.13. There are also versions with theétale topology instead of the Zariski topology. For our purposes it does not make a difference which to use.
Note that ρ * is nothing but the h-sheafification. It is exact. The functor ρ * is left exact. We are going to consider its right derived functor. In accordance with Definition 4.1 we write suggestively
Proposition 6.14. Let X be smooth. Then the adjunction map
is a quasi-isomorphism, i.e.,
Proof. This is a reformulation of Corollary 6.5.
As in the absolute case this also allows compute ρ X * for singular spaces. Our main tool is again the blow-up sequence.
Proposition 6.15 (Blow-up triangle). Let (π : X ′ → X, i : Z → X) be an abstract blow-up of X with π ′ : E = X ′ × X Z → Z. Let F be an h-sheaf. Then there is a natural distinguished triangle
Proof. As Proposition 6.2 this can be proved using the same arguments as in [Gei06] Proposition 3.2.
Corollary 6.16. Let X ∈ Sch and π : X • → X a proper hypercover with X n smooth for all n. Then
(1) The complex is concentrated in degrees at most dim X. Proof. Any two resolutions can be dominated by a third. Hence it suffices to consider the particular case when X is smooth and connected of dimension d. By Grothendieck duality for coherent sheaves we have
by Cor. 6.20 = O X .
Application: De Rham cohomology and the Du Bois complex
So far, we have considered the sheaves of p-forms separately for every p. We now turn our attention to the de Rham complex and show how Du Bois singularities and the relative de Rham cohomology fit into our framework of h-sheaves. Definition 7.1. Let X ∈ Sch. Let X • → X be a proper hypercover such that all X n are smooth. We define algebraic de Rham cohomology of X by
(1) By resolution of singularities such a hypercover exists. We now turn to h-topology.
be the h-sheafification of the exterior differential on p-forms. We call Ω * h the algebraic de Rham complex in the h-topology. We denote by
) its hypercohomology in the h-topology. The stupid filtration
is called Hodge filtration.
Proposition 7.4 (de Rham cohomology). Let X ∈ Sch. Then
) . Proof. Let X • → X be a proper hypercover with all X n smooth. By the hypercohomology spectral sequence, i.e., the spectral sequence induced by the Hodge filtration on Ω * h , and Proposition 6.10
By definition, the right hand side is algebraic de Rham cohomology of X. [Har75] . So indeed, all three approaches give the same result.
Corollary 7.6. Let k = C. The embedding induces a natural isomorphism
Proof. This is the period isomorphism between algebraic de Rham cohomology and singular cohomology.
Theorem 7.7 (Hodge filtration). Let X ∈ Sch be proper. Then the Hodge to de Rham spectral sequence By the base change properties of differential forms and cohomology of coherent sheaves, the theorem is true for the ground field k if and only if it is true for a field extension of k. The scheme X and every X n is defined over a finitely generated extension of Q. Hence we can assume without loss of generality that k is generated over Q by countably many elements. Such fields can be embedded into C, hence it suffices to consider the case k = C.
In this case, the assertion is proved by Deligne in [Del74]: by definition
and the spectral sequence attached to the Hodge filtration degenerates at E 1 .
Corollary 7.8. Let k = C and X be proper. Then the natural map
Proof. In this case we can identify algebraic de Rham cohomology with singular cohomology. Remark 7.21. Kovács showed in [Kov99] that rational singularities are Du Bois.
7.3. Relative de Rham cohomology. Let X be a variety and Z → X a closed subvariety. Our aim is to describe de Rham cohomology of X relative to Z by h-differentials.
Definition 7.22. Let X be in Sch. Let (Sch/X) h be the category of schemes of finite type over X equipped with the restriction of the h-topology.
Let f : X → Y be in Sch. We denote We will use frequently the following fact.
Lemma 7.23. Let π : X → Spec k be the structural map. For any sheaf F of abelian groups on Sch h = (Sch/Spec k) h , we have
Proposition 7.30 (Künneth formula). Let Z ⊂ X and Z ′ ⊂ X ′ be closed immersions. Then there is a natural isomorphism
Proof. We work in the category of h-sheaves of k-vector spaces on X × X ′ . Note that h-cohomology of an h-sheaf of k-vector spaces computed in the category of sheaves of abelian groups agrees with its h-cohomology computed in the category of sheaves of k-vector spaces because an injective sheaf of k-vector spaces is also injective as sheaf of abelian groups.
We abbreviate T = X × Z ′ ∪Z × X ′ . By h-sheafification of the product of Kähler differentials we have a natural multiplication It remains to show that it is an isomorphism. One can easily show that the Künneth morphism is compatible with long exact sequences of pairs of spaces in both arguments, possible up to sign. E.g., for the second argument the diagrams
commute (possibly up to sign), where the second row is the long exact sequence associated with Z × X ′ ⊂ T ⊂ X × X ′ up to the excision isomorphism
By this and a similar consideration for the first argument we reduce to the case
In the second step we use that the Künneth morphism is compatible with long exact sequences for abstract blow-ups, again in both arguments. Hence it suffices to show the isomorphism
for X and X ′ smooth. In this case we can compute in the Zariski topology. The isomorphism is well-known. It follows from the Künneth formula for Zariski cohomology of vector bundles.
A special case of relative cohomology is cohomology with compact support.
Definition 7.31. Let X ∈ Sch and j : X →X a compactification. Then In the setting of the eh-topology this is precisely [Gei06] Section 4.1. By excision, the definition is independent of the choice of compactification.
